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ABSTRACT
An analyticalsolutionis obtainedfor thesimplifiedtransientstream-aquiferinteraction
problemusing Fourier analysisand complex variables. The solutionsobtainedfor
small sinusoidalwater level disturbancesof different periodsare usedto identify a
numberof dimensionlessparametergroupsthat influencethesolution.Theanalytical
solutionsarecomparedto numericalsolutionsobtainedusingtheMODFLOW model
(McDonald and Harbough,1998). The dimensionlessparametergroupscombining
thecanal,aquiferandsedimentpropertiesareusedto understandhow they affect the
stream-aquiferinteraction.Theanalyticalsolutionis usefulin verifying theaccuracy
of computermodelssimulatingstream-aquiferinteraction.

INTRODUCTION

A significantpartof theSouthFlorida landscapeis coveredwith a network of canals
thatextendto thousandsof milescoveringwetland,agriculturalandurbanareas.The
behavior of waterlevels in thecanalsandtheadjacentareaswhensubjectedto water
level disturbancesin thecanalsis not completelyunderstood.Thehighly conductive
aquifersystemin SouthFlorida,andthepresenceof a sedimentlayer in somecanals
haveaddedto thecomplexity of theproblem.Thecurrentstudyis aimedatunderstand-
ing theparametersthatgovern the problem,andobtainingan approximateanalytical
solution.

Stream-aquiferandstream-wetlandinteractionshave previously beenstudiedby
a numberof researchers.The studyby PinderandSauer(1971)wascarriedout us-
ing couplednumericalmodelsfor canalflow and groundwater flow. The example
usedbythemservedasabenchmarktestproblemfor integratedmodelssuchasMOD-
BRANCH (Swain and Wexler, 1996). In thesemodels,the MODFLOW model is
coupledwith amodelsimulatingcanalnetworks.
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GOVERNING EQUATIONS

Equationsgoverning 2-D groundwater flow, 1-D canalflow and resistanceto flow
acrossany sedimentlayer areneededto solve the problem. The equationgoverning
unsteadyflow in a2-D isotropicconfinedaquiferis
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subjectedto suitableinitial andboundaryconditions.In theequation,x � y � distances
alonghorizontalx andy axes; t � time; H � waterheadin the caseof groundwater
flow; Kg

� transmissivity of theaquifer;sc
� storagecoefficient;Kg � kgh̄ wherekg

�
hydraulicconductivity andh̄ � aquiferthicknessfor unconfinedflow. After neglecting
theinertiaterms,St Venantequationsfor a 1-D wide rectangularcanalaregivenby
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in which, h � waterlevel in thecanal;q � dischargeratein thecanalperunit width;
ql
� total leakageinto thecanalperunit lengthperunit width of thecanal;S0

� bottom
slope.FrictionslopeSf canbeexplainedusingthefollowing generalexpression:
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in which, u � flow velocity; C � roughnessconstant;m� n � constants.Equation(4)
canbeusedto representManning’s equationusingn � 2, m � 4	 3. Leakagebetween
the canalandthe aquiferper unit lengthof the canalper unit width ql is computed
usingthewatersurfaceslopein theaquiferat theaquifer-sedimentinterface(Fig. 1).
Whenthereis asedimentlayerof conductivity km present,theequationfor leakagecan
alsobewrittenusingtheseparameters.
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in which, B � width of the canal;δ � thicknessof the sedimentlayer whena sedi-
mentlayer is present;∆H � headlossacrossthesedimentlayer. A transmissivity Km

computedusingKm � 0 � 5Bkm is usedto expresssedimentcharacteristics.A solution
is obtainedfor thegoverningequations(1), (3) and(5) assumingthat thecanalhasa
uniform crosssection,andis slopingin thedownstreamdirection. Thecanalextends
to infinity in the downstreamdirection,andthe aquiferis semi-infinite. Perturbation
equationsare generatedby settingthe governing equationsto H � H0, h � h0 and
q � q0 aswell asslightly perturbedsolutionsH � H0 � H 
 , h � h0 � h
 andq � q0 � q
 .
Theperturbationequationscanbesolvedusingthefollowing substitutions.

canal: h
�� x � t � � h� exp � � f t � λx��� (6)

sediment: H 
�� x � y� t � � h� exp � f t � λx � θy � for 0 � y � δ (7)

aquifer: H 
�� x � y� t � � h� exp � f t � λx � θδ � µ � y � δ ��� for y � δ (8)

2



in which f , λ, µ, andθ arecomplex constants.Oncethesesolutionformsaresubsti-
tutedin theperturbedequations,the conditionfor the canalflow equationsto have a
nontrivial solutionin � h� � q��� canbedetermined.This conditionis expressedas(Ponce
andSimons,1978).�

f � 2Kg

B
µexp � Kg

Km
µδ ��� Sf n
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�
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� (9)

Equations(1) and(9) canbeexpressedin thefollowing dimensionlessforms.

Pr � λ̂2 � µ̂2 � � f̂ (10)
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Thedimensionlessparametersusedaredefinedas
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Thefollowing additionalequationis usedto simplify thepresentationof results.

χ � Pb 
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� with a sedimentlayer (16)

χ � Pb 
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andΛ is definedas
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(18)

Kc is an equivalentcanaltransmissivity definedasKc
� q

Sf
. Equations(10) and(11)

describethebehavior of smallwaterlevel disturbancesin thecanal.Realandcomplex
componentsof λ̂ andµ̂ describetheexponentialdecayconstantfor spatialdecayand
thewave numberrespectively. Realandcomplex componentsof f̂ explain theexpo-
nentialtimedecayconstantandthefrequency in theaquiferandthecanalrespectively.
It canbeshown thatwhen Pm#

Pr
� 1

3, waterleveldisturbancesin theaquiferarerelatively
insulatedfrom canal.

NUMERICAL EXPERIMENTS
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Theanalyticalsolutionobtainedearlieris comparedwith numericalsolutionsobtained
usinga single layer 2-D MODFLOW model. A 50 km $ 50 km squaremeshwith
1000m $ 1000m cellsrepresentingtheconfinedaquiferwasusedwith canalandsed-
iment layersof differentwidthsandconductivities. In theexperiments,waterlevel at
theupstreamboundaryof thehorizontalcanalwasvariedsinusoidally. Theupstream
amplitudewasmaintainedat 1.0 m, andan aquiferdepthof 50.0 m wasused. The
exponentialdecayconstant(λ̂1 = Real(̂λ) of the amplitudewas investigatedfor dif-
ferentparametervalues.Figures2, 3 and4 show thecomparisonsof MODFOW and
analyticalsolutions.

SUMMARY AND CONCLUSIONS

The diffusion flow equationscoupledwith two dimensionalgroundwaterflow equa-
tionsweresolvedanalyticallyfor smallamplitudewaterlevel fluctuations.A number
of test simulationswere carriedout using the MODFLOW model and resultswere
comparedwith theanalyticalsolution.Resultsshow thattheanalyticalandnumerical
solutionsarein closeagreement.

Using thecoupledequationsandthesolution,it is possibleto show that threedi-
mensionlessparametergroupsdescribingcanaldepth(Pd), canalwidth (Pb 	  Pr ), and
sedimenttransmissivity (Pm 	  Pr ) candescribethecharacteristicsof thesolution.The
resultsof the studyareuseful in identifying the conditionsunderwhich the stream-
aquiferinteractionis significant,andthesedimentlayeractasaninsulatorbetweenthe
canalandtheaquifer.
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Figure1: A schematicdiagramof theaquiferwith asedimentlayer
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Figure2: Variationof � λ̂1 with χ obtainedusingtheanalyticalsolution
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Figure3: Comparisonof the variationof � λ̂1 with Pb obtainedusingthe analytical
methodandMODFLOW for Pr

� 0 � 01,andnosedimentlayer
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Figure4: Comparisonof the variationof � λ̂1 with Pm obtainedusingthe analytical
methodandMODFLOW model for Pr

� 0.1, Pb
� 0 � 25, B � 630 m, anda 20.0 m

sedimentlayer.
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